We calculate the entropy of a static extremal black hole in 4D gravity, nonlinearly coupled to a massive Stueckelberg scalar. We find that the scalar field does not allow the black hole to be magnetically charged. We also show that the system can exhibit a phase transition due to electric charge variations. For spherical and hyperbolic horizons, the critical point exists only in presence of a cosmological constant, and if the scalar is massive and non-linearly coupled to electromagnetic field. On one side of the critical point, two extremal solutions coexist: Reissner-Nordström (A)dS black hole and the charged hairy (A)dS black hole, while on the other side of the critical point the black hole does not have hair. A near-critical analysis reveals that the hairy black hole has larger entropy, thus giving rise to a zero temperature phase transition. This is characterized by a discontinuous second derivative of the entropy with respect to the electric charge at the critical point. The results obtained here are analytical and based on the entropy function formalism and the second law of thermodynamics.
Introduction
The AdS/CFT correspondence has brought a novel approach to field theories, allowing to obtain results in the strong coupling regime from gravitational computations in a classical approximation. A remarkable cornerstone concerns the description of phase transitions in a thermal field theory beyond the applicability of the BCS model. A holographic dual of a thermodynamical system at equilibrium, at constant temperature T , has a minimal internal energy and, in the AdS gravity side, it corresponds to a black hole configuration with Hawking temperature T . For instance, a holographic superconductor in four dimensions is dual to a five-dimensional charged AdS black hole coupled to a complex scalar field [1] [2] [3] . A phase transition in a QFT 4 occurs when a charged black hole develops a scalar hair below some critical temperature. This model successfully explains the large energy gap of high-temperature superconductors, with gravitational computations correctly yielding the transport coefficients of the superconductor.
However, the aforementioned method, based on a calculation of the free energy from the Euclidean action, fails at zero temperature or, on the gravity side, when the black hole becomes extremal. It is worth here remarking that a zero temperature system can also be realized as a soliton configuration, and a phase transition between an AdS black hole and an AdS soliton has been discussed in Refs. [4, 5] at any temperature, including T = 0 as a limit case; thence, the dual QFT describes a transition superconductor/insulator.
In this work, we focus on extremal black holes. An analogue of the Meissner effect, typical of phase transitions, was observed in extremal Kerr and Kerr-Newman black holes embedded in an external magnetic field [6] . Near the horizon, the magnetic field can be reabsorbed in a redefinition of the parameters, so the magnetic field can be considered as expelled from the near-horizon geometry, when the Hawking temperature is zero. A similar treatment was given in [7] and, including acceleration, in [8] .
Since extremal black holes have zero temperature and they are not described by conventional thermodynamics, an equilibrium state of a thermodynamical system is more suitably described as a maximum entropy state in the entropy representation of states; subsequently, the entropy of the extremal black hole arises as a consequence of the degeneracy of the quantum ground state. This phenomenon is known in the physics of condensed matter (spin glasses).
The macroscopic entropy of an extremal black hole can be calculated using the entropy function formalism [9, 10] . In D dimensions, this is based on a variational principle applied to a generic class of entropy functions of the charges, scalar fields and parameters of the nearhorizon geometry AdS 2 ×S D−2 , AdS 2 ×R D−2 , AdS 2 ×H D−2 (in static cases) or AdS 2 ×U (1) (rotating case). Remarkably, the formalism can be generalized to other extremal geometries, such as warped ones [11] . The extremization of the entropy function determines all the nearhorizon parameters, thus enabling to extract information about the black holes without knowledge of a particular solution. In addition, the AdS/CFT correspondence also suggests that the horizon geometry contains all the data available in the bulk of the spacetime, including its asymptotic region. Indeed, the entropy function can be derived from purely boundary term of the gravitational action [12] .
On the other hand, phase transitions due to thermal or, as in our case, electric charge fluctuations, are related to instabilities of the system around a critical point. In particular, it has been noticed that a massless scalar field produces an instability at the horizon of an extreme Reissner-Nordström (RN) black hole [13] and that the axisymmetric extremal horizons are unstable under linear scalar perturbations [14] . Similar instabilities also occur for a massive scalar field [15] . Recently, these instabilities were studied in the extremal case, by performing an analysis of the charged scalar perturbations for RN and Kerr solutions [16] .
Zero temperature phase transitions of a four-dimensional charged black hole would occur in General Relativity, as well, when it is non-minimally coupled to a Stueckelberg scalar [17] . In fact, non-linear Stueckelberg interactions have been known to describe both first and second order thermal phase transitions [2, 18] . A question we address here is whether a similar transition would also occur at zero temperature.
The plan of the paper is as follows.
In Sec. 2 we introduce the entropy function formalism, then apply it to the Stueckelberg system in Sec. 3. The case of vanishing scalar at the horizon (e.g., no scalar hair) is treated in Sec. 4, whereas the hairy black hole is investigated in Sec. 5. A detailed analysis in vicinity of the critical point is provided in Sec. 6, and it yields to the first evidence of a phase transition for extremal black holes. Final comments and an outlook are given in Sec. 7.
Entropy function of the black hole
The extremal black hole is the smallest mass black hole for a given electric charge and angular momentum in flat space, but in curved space (such as AdS space) it can be modified due to the renormalization of the stress tensor [19, 20] . Geometrically, it has two horizons that overlap, what implies that its near-horizon geometry in four space-time dimensions has the topology H AdS 2 × Σ k , where AdS 2 is two-dimensional anti-de Sitter space and Σ k is a 2-dimensional constant curvature space of the unit radius k. For Λ = 0 and Λ > 0, the horizon is always spherical (k = 1) and we have that Σ 1 S 2 is a two-sphere, whereas for Λ < 0 there are three possibilities, the spherical horizon black hole with Σ 1 S 2 , planar black hole with Σ 0 R 2 and a hyperbolic horizon black hole with Σ −1 H 2 . Let v 1 and v 2 be the radii of the AdS 2 and Σ k sections, respectively. Then the horizon of the black hole in spherical coordinates is described by the metric
where r is the radial distance from the horizon and the transversal section Σ k is given by the square interval dΩ
where y m (m = 3, 4) are the local coordinates on Σ k . Explicitly,
3)
The invariant volume element of Σ k is given by √ γ d 2 y, with √ γ = sin θ, 1, sinh χ, for k = 1, 0, −1, respectively. The metric (2.1) corresponds to a near-horizon limit of some static black hole coupled to an electromagnetic field A µ (x) and to a scalar field φ(x), described by the action
Near the horizon, the metric behaves as (2.1), and the electromagnetic field, described by the field strength F µν = ∂ µ A ν − ∂ ν A µ , is characterized by the electric charge e and the magnetic charge p, such that 5) in the coordinates (2.1). On the other hand, the scalar field, due to the attractor mechanism, does not depend on its asymptotic value, but only on the horizon value, u. Thus, on the horizon, the fields are represented by a set of parameters
The action (2.4) evaluated on the horizon is given by an auxiliary function
which satisfies the action principle, that is, has an extremum on the equations of motion, for given boundary conditions. The entropy function E(v 1 , v 2 , e, p, u) is the Legendre transformation of the function f with respect to the electric field,
where q is the asymptotic electric charge. The parameters near the horizon are calculated as an extremum of the entropy function [9, 10] , 9) and the black hole entropy S is its extremal value,
Therefore, finding the entropy function E(v 1 , v 2 , e, p, u) and its maximum, one can calculate the entropy, electric field, AdS 2 and Σ k radii of the extremal black hole, independently on a particular static solution under consideration.
For k = 1, v 1 = v 2 yields the famous Bertotti-Robinson near-horizon conformally flat metric [21, 22] , which characterizes extremal black holes in the ungauged theory (also, for the interesting case of Abelian "flat gaugings", see [23] ).
Black hole coupled to a Stueckelberg scalar
Consider General Relativity with a cosmological constant Λ coupled to electromagnetic and scalar fields, 1
µαν is the scalar curvature. Stueckelberg complex scalarφ(x) = φ(x) e iσ(x) (with φ and σ real) is minimally coupled when the Stueckelberg function is quadratic, F(φ) = φ 2 . Non-minimal interaction has to satisfy F(φ) > 0, φ = 0, and F(0) = 0 [17] . Such couplings preserve an U (1) invariance and lead to first and second order phase transitions in non-extremal cases [2, 18] . In the extremal case, non-linear terms in F might produce instabilities at the horizon [13] , so we choose
where a is some coupling constant of dimension (length) 2 in natural units. Note that, in general, the constant a can be positive or negative. Equations of motion obtained from the action (3.1) read
where ∇ µ is a covariant derivative with respect to the affine connection associated to the metric g µν . The energy-momentum tensor of the matter has the form
A non-negative energy density of the matter is ensured by imposing the weak-energy condition −T µν u µ u ν ≥ 0, for a timelike unit vector u µ . The equation of motion for the field σ(x) is not independent, but it can be obtained from a divergence of the equation for A µ . This is a consequence of U (1) gauge symmetry because σ(x) is a nonphysical parameter, which can be consistently eliminated by the gauge-fixing σ = 0.
On the horizon H, spherically symmetric static field configurations are replaced by five parameters (v 1 , v 2 , e, p, u), where the gauge fixing σ = 0 has been taken into account. The electromagnetic field (2.5) can be obtained from the electromagnetic potential with non-vanishing components A t = er and A 4 (x 3 ) which, when k = 1, 0, −1, can be chosen as
The parameters (v 1 , v 2 , e, p, u) are taken to be independent, as they are coming from the independent fields in the action. A condition of the extremum of the entropy function will introduce relations among them, and they will become dependent. This method includes a broad class of asymptotic conditions on the fields, which do not introduce constraints on the near-horizon parameters.
The Lagrangian density (3.1) evaluated on H reads
5) where for the scalar field we set φ = u, ∂ µ φ = 0. The function z k (y m ) depends on the horizon geometry and is given by z 1 = cot 2 θ, z 0 = x 2 and z −1 = coth 2 χ.
over the transversal section,
where we denoted the horizon volume by Vol(
is compact and Vol(Σ k ) = 4π, and when k = 0 or −1, the horizon is non-compact and Vol(Σ k ) is infinite. In those cases, the physical quantity of interest is the entropy density (entropy per unit volume of the horizon). The only explicit dependence on y m in L is through z k , and straightforward calculation shows that it is divergent. Thus, the only possibility to have a finite solution is to set the magnetic charge to zero, p = 0. We conclude that, when φ = 0, the RN black hole can be magnetically charged; however, when φ = 0, the magnetic field F mn = 0 breaks the spherical symmetry of the solution. Thus, to allow for hairy black holes, we will henceforth set p = 0.
With this at hand and with the vanishing magnetic charge, the entropy function (2.8) reads
(3.7) An extremum of the above function gives rise to the following equations of motion,
where we set 4πG N = 1 for the sake of simplicity and also introduced the charge density Q = q Vol(Σ k ) . Eqs.(3.8) are invariant under the reflection (e, Q) → (−e, −Q), and e and Q have the same sign (see third equation) so we can choose, without loss of generality, e, Q > 0.
Equations (3.8) have different branches of solutions that have to be discussed independently.
4 Extremal black hole without hair u = 0 is always a particular solution of the scalar equation in (3.8), thus we first focus to that case. We know that the result is the Reissner-Nordström flat, dS or AdS black hole, but for consistency we employ the entropy function method.
We have to solve the system
When k = 0, a general solution of the above algebraic equations is
It exists only when Λ < 0, as expected for the planar horizons. The entropy S k=0 (Q) of this black hole is the entropy function evaluated on (4.2), obtaining in that way the entropy density as
When k = ±1, the general solution of Eqs.(4.1) for fixed Q exists provided ∆ = 1 − 4ΛQ 2 > 0, and it reads
Other inequalities that have to be fulfilled are
Using the identity Λv
, we find that the inequalities are satisfied depending on the geometry of the horizon, so that
We observe that the sign of the branch coincides with the sign of the horizon curvature k = 0, so we can simplify the notation by replacing ± → k. In addition, ∆ > 0 is equivalent to Λ < 1 4Q 2 (which allows both positive and negative Λ) and ∆ > 1 is equivalent to Λ < 0 (in agreement with the fact that k = −1 exists only for negative Λ), so we conclude:
(i) When Λ < 0, there are two solutions corresponding to k = ±1, given by Eqs.(4.4), such that the extremal black hole parameters are
(ii) When 0 < Λ < (iv ) The case Λ = 0 can be reproduced from the limit Λ → 0 of the positive branch of the solution (4.4).
To evaluate the entropy, it is useful to notice that, on the solution (4.4), the only dependence on the horizon geometry is through the auxiliary function f = kv 1 2 . Then extremum of the entropy function, E = 2πVol(Σ k )(eQ − f ), for the fixed charge and the values (4.4) of the black hole parameters, is given by
For the spherical horizons (k = 1), the horizon volume is Vol(Σ 1 ) = 4π and the entropy becomes
Note that S + (Q) > 0 is always fulfilled. When Λ = 0, then the positive branch reproduces the well-known result (asymptotically flat, electric extremal RN black hole)
For the negative branch (k = −1) and non-compact horizons, the volume Vol(Σ −1 ) is infinite, and we look at the entropy density
It can be checked that s − (Q) > 0 is also satisfied because of negative values of the cosmological constant. Now we turn to the case of hairy black holes.
Hairy extremal black hole and the critical point
For the study of phase transitions, the most interesting cases involve non-linear Stueckelberg interaction F of the form (3.2). The last equation in (3.8) implies that, for the minimal coupling a = 0, the only solution for the scalar field is u = 0, for which the black hole entropy was calculated in the previous section. When a = 0, then there are three solutions for the scalar parameter,
We found that there is more than one well-defined solution to the attractor equations stabilising the scalar field at the black hole horizon; this hints to the existence of basin of attractions in the scalar manifold, possibly endowed with a non-trivial topology. Most of the results found in the literature are in the context of ungauged supergravity, without cosmological constant and without scalar potential; they have been usually associated to non-homogeneous scalar manifolds (see e.g. [24] [25] [26] [27] [28] ), even if recent discoveries of multiple attractors [29, 30] seem to hold more in general. In our case, however, the basins of attraction appear in the spacetimes with non-vanishing Λ and with a scalar potential. Choosing F suitably might lead to even more basins, increase the number of solutions and complicate their structure.
The existence of the basins of attraction would pertain to a possible phase transitions between different stable points in the near-horizon dynamics of the scalar field. To check this in our framework, we have to study the entropy near each of these points.
The case u = 0 was analyzed in Section 4. When u = 0, the equations of motion (5.
We have to distinguish different horizon geometries. When k = 0, then the above constraint gives a consistent solution (4.2) only for the particular scalar mass m = 1 2 , while the charge Q remains arbitrary. Thus, the co-existence line u = 0 is not characterised by a particular value of the charge (its critical value Q c does not exist), and an effective potential of the system would not change drastically in this point with a change of Q, implying that variations in the external parameter Q would not be able to induce an instability of the system and trigger a phase transition. Even though the scalar hair, in principle, still could develop in planar black holes, they are not interesting to study in our context. Henceforth, we will consider the black holes with curved horizons only.
When k = 0, first two equations of (3.8) give that the critical point exists only for Λ = 0 and m 2 = 1, 
The result does not depend on the strength of the scalar coupling a = 0. Non-vanishing and positive v ic and e c exist only if 
Compared to the original two u = 0 solutions given by Eqs.(4.4) where Q is replaced by Q c we find that, for both positive and negative branches, we reproduce the known critical results of the parameters,
The critical entropy reads
and it is a continuous function at Q c because
When Λ = 0, then m 2 = 1 (and vice versa), and the solution is v 1c = v 2c = Q 2 , e c = Q with the charge Q which remains arbitrary. Only k = 1 is allowed. Non-existence of the critical charge is similar to the case m 2 = 1 2 of planar black holes discussed before and, as argued earlier, we will not look at these cases.
To summarize, we will discuss only the spacetimes with Λ = 0 and k = 0, when there exists a Q c as an isolated point, and analyze a behavior of the extremal hairy black hole in its vicinity. We will also explore whether a variation of electric charge could produce a phase transition at this point using the second thermodynamic law, δS ≥ 0.
Black hole in the vicinity of the critical point
A better physical understanding of the critical point of the extremal black hole can be achieved by studying its behavior in the vicinity of the possible phase transition. We focus on spherical and hyperbolic horizons, k = ±1, with Λ = 0, where the entropy is a continuous function of the electric charge at the critical point. As already mentioned, other cases do not lead to stable hairy black holes with isolated critical points.
The critical point separates u = 0 and u = 0 extremal black hole solutions given by Eqs. where can be either positive or negative. We assume that u vanishes when the charge approaches to the critical value so that, near Q c , the scalar field behaves as u 2 = A β + · · · , where β > 0 stands for a critical exponent.
In principle, different parameters u 2 , e, v 1 and v 2 should have different critical exponents β, δ, α and γ, respectively. However, as shown in Appendix A, the consistency of the equations of motion at the leading order, as well as a requirement that the metric is a covariant function of Q near the critical point, lead to the unique solution for the critical exponents β = δ = α = γ = 1. Thus, all critical exponents are the same.
In particular, with this choice, the order parameter u shows a typical mean-field behavior near the critical point, namely
which is universal, because it does not depend on the details of the system (the scalar mass, coupling constant and cosmological constant).
With this result at hand, we can solve the coefficients in the expansion of the parameters u, v 1 , v 2 , and e, using the method of successive approximations. Let us assume that, for small , the parameters behave as
The solution for the scalar field exists only if the quantities A andÃ are positive. At linear order in , above equations are solved in Appendix A, giving rise to the coefficients (A.6), (A.8), (A.10) and (A.12) which, for any k = 0 and Λ = 0, can be written as
The inequalities (5.4) yield that the sign of A depends only on the expression k[4(m 2 − 1) 3 − Λa]. For given m 2 , Λ and a, the sign of such a quantity is fixed. Thence, the condition sgn(A)(Q − Q c ) > 0 determines for which Q, above or below the critical point, a real u exists and the black hole develops hair. The entropy does not depend on the coefficients of second order. For completeness, we write only the coefficientÃ which has to be positive,
Replacing these values for the constants in the entropy function (3.7), we find the entropy of the hairy black hole solution near the critical point as
On the other hand, near the critical charge Q c , there are two extremal black hole solutions -the hairy one whose entropy is given by Eq.(6.6), and RN (A)dS with the entropy given by S + (Q) in Eq.(4.7). When expanded around the critical point, the RN solution becomes
what matches the hairy expression (6.6) up to quadratic terms. Therefore, to distinguish two phases, the higher-power terms in the expansions (6.6) and (6.7) are needed.
After expanding the equations (3.8) at the 2 order, it is straightforward to solve the algebraic equations and obtain the unique solution in the coefficientsÃ,B,C andṼ . We omit their writing in the text for the sake for simplicity, especially because it can be shown that they do not contribute to the 2 terms in S(Q).
Plugging in this result into the entropy function, the entropy with u = 0 acquires the quadratic term. By a comparison with the entropy with u = 0, one obtains that
We see that two values differ by the factor
(6.9)
When ω = 1 and if the RN (A)dS black hole develops hair above or below some critical charge, there is a discontinuity of the entropy at the critical point,
In order to establish which solution is more stable, we compare their corresponding entropies,
According to the Second Law of Thermodynamics of black holes, a black hole will develop hair if ∆S > 0, that is, ω > 1. On the other hand, the hairy solution exists if sgn(A)(Q − Q c ) > 0. These two bounds give, respectively,
Therefore, given the cosmological constant and geometry of the horizon, the inequalities (5.4) fully determine an interval of allowed scalar masses: (a) when Λ > 0 and k = 1, the masses lie in the interval m 2 > 1; (b) if Λ < 0 and k = 1, the masses lie in the interval 1 2 < m 2 < 1; (c) when Λ < 0 and k = −1, the masses lie in the interval 0 < m 2 < 1 2 . Furthermore, the bounds (6.12) determine for which values of the coupling a the phase transition would happen across the critical point. Interestingly, in all three cases, the interaction has to be strong enough, such that
Small or negative interactions do not favor the scalar hair.
In particular, in cases (a) and (c), the RN (A)dS black hole exists above the critical point, for large charges. As the charge decreases and passes through the critical point, for Q ≤ Q c , the hairy solution appears, which has larger entropy.
In the case (b), the opposite situation happens. The RN AdS black hole is favored for small charges and, as the charge increases, the hair grows when the charge crosses the critical point, Q ≥ Q c , also increasing the entropy of the configuration.
In all cases, there are phase transitions for either sign of Λ and any geometry of the horizon, provided the scalar coupling is strong enough. We illustrate this on the examples.
As the first example corresponding to the case (a), we take Λ = 3, k = 1, m 2 = 2, a = 2 and = 1, when the critical parameters become
14)
The scalar field exists for Q ≤ Q c , 15) the volume of the horizon is Vol(Σ 1 ) = 4π, and the entropy close to the critical point has the form
As it can be seen, when the scalar exists, the hairy black hole has larger antropy and the response function S (Q) is discontinuous at Q c .
As an example of the case (b), we choose Λ = −3, k = 1, m 2 = 3/4, a = 1/12 and = 1. The critical values of the parameters in this case are
Near the critical point, the scalar field behaves as
Thus, when Q ≥ Q c , there are two solutions (u = 0 and u = 0), whereas for Q ≤ Q c , there is only RN AdS solution (u = 0). The near-critical entropy reads
showing a discontinuity of S at Q c . The last example corresponds to the hyperbolic horizon case (c). Choosing Λ = −3, k = −1, m 2 = 1/4, a = 1 and = 1, we obtain the critical parameters 18) and the scalar field close to the critical point exists only if Q ≤ Q c ,
The entropy density close to Q c behaves as
It is clear that the extremal black hole, under the aforementioned conditions, undergoes a phase transition at Q c . To the best of our knowledge, this is the first observation of such a phenomenon for the class of black holes under consideration.
Conclusions
We studied phase transitions of extremal black holes in (A)dS 4 gravity that arise due to variations of electric charge. The role of order parameter is played by a complex Stueckelberg scalar field. We showed that the (necessarily massive) scalar field can couple to a RN black hole at zero temperature only if the space-time has a non-vanishing cosmological constant, and if a non-minimal coupling to gravity is present; moreover, the RN black hole should carry no magnetic charge at all. If the cosmological constant is negative, only spherical and hyperbolic geometries of the horizon are admitted, and there are no black branes. We were able to analytically show that this system possesses a critical point characterized by the critical electric charge. The critical charge depends only on the scalar mass and on the cosmological constant. For spherical and hyperbolic horizons, on one side of the critical point, there is only one possible solution, the extremal RN (A)dS black hole. On the other side of the critical point, there are two possible solutions: RN (A)dS, and a hairy RN (A)dS black hole which has larger entropy. Thus, the black hole is more stable if it develops scalar hair, implying that a change in the electric charge around the critical point would produce a zero temperature phase transition. This is characterized by a continuous S and ∂S/∂Q at the critical point, but discontinuous second derivative of the entropy with respect to the electric charge, ∂ 2 S/∂Q 2 . These results were obtained using the entropy function formalism, so they apply for any bulk hairy black hole solution.
For planar horizons, there exists a (non-hairy) RN AdS black hole solution, but there is no a critical point where the hair should start developing, which could be reached by a change of the external parameter, Q, so standard phase transitions in this case were not found. A similar situation occurs when Λ = 0. The phase transition was observed, therefore, only for Λ = 0 and k = 0.
The co-existence of different well-defined solutions to the attractor equations stabilising the scalar field at the black hole horizon hints for the possible relevance of basins of attractions [24] [25] [26] in the framework under consideration. Might the phase transitions be driven by the "area codes" [27, 28] selecting the different basins of attraction in the nearhorizon dynamics of the scalar field? Exploiting AdS/CFT correspondence, what is their interpretation and relevance in the dual CFT? We hope to report on attempts to answer these questions in future works.
Moreover, we leave for further future investigation the analysis of the possibility to regard the action (2.4) as the purely bosonic sector of a certain N = 1, D = 4 supergravity theory coupled to one chiral multiplet and one vector multiplet, with suitable non-Abelian gauging consistent with the Stueckelberg coupling (the corresponding holomorphic Killing vector being given by ∂ ϕ ) and a related scalar potential. In the model (2.4) under consideration, there is only vector field, and its kinetic vector term is of Maxwell type, corresponding to the limit in which the holomorphic kinetic coupling is a real constant (minimal coupling). Here, we limit ourselves to remark that the minimal supersymmetric extension of chaotic inflation [31, 32] is described by the supersymmetric Stueckelberg model coupled to N = 1 supergravity (corresponding to a flat Kähler space); this fact was first pointed out in [33, 34] and proved to be the zero-curvature limit [35, 36] of a continuous class of SU (1, 1)/U (1) gauged sigma models [33, 34] named alpha attractors [35, 36] .
Finally, it would be interesting to consider further generalizations, introducing more vector and/or scalar fields, with a non-trivial (possibly holomorphic) kinetic vector matrix, and subsequently trying to embed them into N 2-extended supergravity theories 2 .
A Critical exponents
Here we provide the proof that the parameters u 2 , e, v 1 and v 2 have the same critical exponents.
We seek for a solution of the equations of motion (3.8) for k = ±1 in the form of the power-law in the small quantity = Q − Q c , that is,
Positive numbers α, β, γ and δ denote the critical exponents, and A, B, V , C are nonvanishing coefficients. It is useful to eliminate the mass parameter from the field equations by means of the identity m 2 = Since the coefficients in the brackets are not zero (as can be checked out directly by using the expressions (5.3)), the above equation is consistent only if γ = α. Then we solve the coefficient So far, we have that three critical exponents are equal, δ = α = β. It remains to determine γ. To have V = 0, it has to hold either γ = α = 1, or γ > α = 1, or 1 = γ < α. All three cases are mathematically allowed, but only the case γ = α is physically sensible, as these critical exponents define a behavior of the metric (i.e. v 1 and v 2 ) near the critical point, and one would expect in gravity that the metric remains covariant at any Q, and therefore it tends to the critical point in a covariant way, g µν = g cµν + H µν α .
As a consequence, only the first case is physically allowed, and all critical exponents are equal to one (δ = α = β = γ = 1). Then we find V = 
